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Dynamical Chern-Simons gravity has an interesting feature that the parity violat-
ing term exists, and the coupling is determined by a dynamical scalar field. When
the spacetime has spherical symmetry, the parity violating term vanishes, and then
the metric of the Schwarzschild spacetime with vanishing scalar field is an exact so-
lution of dynamical Chern-Simons gravity. The effect of the Chern-Simons coupling
appears in the study of perturbation around the Schwarzschild spacetime. Due to the
parity violating term, the odd parity metric perturbation and the perturbed scalar
field are coupled, and the perturbed field equations take the form of the coupled
system of the Schro¨dinger equations. We prove linear mode stability for a generic
massive scalar.
PACS numbers: 04.50.-h,04.70.Bw
2I. INTRODUCTION
Dynamical Chern-Simons gravity is motivated from the low energy limit of string theory,
and it has an interesting feature that the parity violating coupling term determined by a
dynamical scalar field exists [1] (see reviews for the related topics on this theory [2, 3]).
Since the parity violating term vanishes when the spacetime has spherical symmetry, the
Schwarzschild spacetime becomes an exact solution of this theory. It is interesting to see the
effect of the Chern-Simons coupling in the perturbation around the Schwarzschild spacetime.
The linear perturbations of the Schwarzschild spacetime in this theory were studied in [4–6],
and gravitational waves from orbiting particles were discussed in [7]. There are several works
on slowly rotating black holes [4, 8–10], but it is difficult to find exact solutions of rotating
black holes. If we can observe the feature of the parity violating term discussed in [4–10],
this becomes a strong evidence for the deviation from general relativity.
Stability of black hole solutions is an important property so that discussions based on the
background spacetime are meaningful, e.g., the stability property is needed for the black hole
to be formed as a final state of the gravitational collapse. While previous work [5] suggests
that Schwarzschild spacetime is stable in this theory, an explicit proof has not yet been given.
In this paper, we study the stability of Schwarzschild spacetime in dynamical Chern-Simons
gravity and we prove its linear mode stability when the potential for the scalar field is only
a mass term. This result suggests that the perturbative approachs around Schwarzschild
spacetime in [4–9] are valid.
This paper is organized as follows. In Sec. II, we briefly review dynamical Chern-Simons
gravity and derive the perturbed field equations around the Schwarzschild spacetime. In
Sec. III, we introduce a technique to prove the stability of the coupled master equations.
In Sec. IV, we give an explicit proof of the linear mode stability when the potential of the
scalar field contains only a mass term. Sec. V is devoted to summary and discussion.
II. PERTURBATIVE FIELD EQUATIONS
The action of dynamical Chern-Simons gravity is given by [1, 5]
S =
∫
d4x
√−g
[
κR − α
4
ϑRµνρσ∗Rµνρσ − β
2
(∇µϑ∇µϑ+ VCS(ϑ))
]
, (1)
3where ∗Rµνρσ = ǫµν
αβRαβρσ/2, and α, β are coupling constants. We set the gravitational
coupling constant as κ = 1/(16π). In this paper, we consider that the potential for the
scalar field ϑ has only a mass term i.e., VCS(ϑ) = m
2ϑ2. The field equations from the action
Eq. (1) are
Rµν − 1
2
Rgµν = −16παCµν + 8πβ
[
∇µϑ∇νϑ− 1
2
gµν(∇ρϑ∇ρϑ+m2ϑ2)
]
, (2)
(−m2)ϑ = α
4β
Rµνρσ∗Rµνρσ, (3)
with
Cµν = ∇ρϑǫρσα(µ∇αRν)σ +∇ρ∇σϑ∗Rρ(µν)σ. (4)
The metric of the Schwarzschild spacetime
ds2 = −fdt2 + 1
f
dr2 + r2(dθ2 + sin2 θdφ2), (5)
with f = 1 − 2M/r and the vanishing scalar field ϑ = 0,1 is an exact solution of the above
field equations.
To study the linear mode stability of the Schwarzschild spacetime in dynamical Chern-
Simons gravity, we consider a perturbation of both the metric and the scalar field. At a
linear level, the equation of motion for the even party metric perturbation is same as that
in Einstein gravity, so there is no unstable mode. As for the odd parity metric perturbation,
there is a coupling with the perturbed scalar field due to the parity violating term. We
consider the odd parity metric perturbation (in the Regge-Wheeler gauge)
hµνdx
µdxν = 2rHt(r)e
−iωtdt
( ∑
i=θ,φ
Vidx
i
)
+ 2rHr(r)e
−iωtdr
( ∑
i=θ,φ
Vidx
i
)
, (6)
and the perturbed scalar field
ϑ = ϑ˜(r)e−iωtS. (7)
Here, S is the scalar harmonics on S2 which satisfies (△S2+ℓ(ℓ+1))S = 0 with ℓ = 0, 1, 2, · · ·
and Vi is given by Vi = ǫˆi
j∇ˆjS, where ǫˆij is the Levi-Civita tensor on S2, ∇ˆj is the covariant
1 We note that if the background scalar field does not vanish (then the background spacetime is not the
Schwarzschild spacetime), there exists a ghost instability [11], but there is also a discussion that a ghost
instability appears only in the high frequency regime where the effective theory approximation is not
good [3, 12].
4derivative on S2 and △S2 = ∇ˆi∇ˆi. Note that Vi is the vector harmonics on S2, and it
satisfies (△S2 +ℓ(ℓ+1)−1)Vi = 0 with ∇ˆiVi = 0. In this paper, we assume ω 6= 0,2 but this
assumption will be justified since we give a proof of the stability. The equations of motion
for ℓ = 0, 1 become just the Klein-Gordon equations around the Schwarzschild spacetime
since those modes only contain the degrees of freedom of the perturbed scalar field. So,
hereafter we consider ℓ ≥ 2. Defining the master variables,3
Φ1 =
if
ω
Hr, Φ2 = − 4
√
πβr√
(ℓ+ 2)(ℓ+ 1)ℓ(ℓ− 1) ϑ˜, (8)
we obtain the master equations from the linearized field equations, which were originally
derived in [5], as
− d
2
dx2
Φ1 + V11Φ1 + V12Φ2 = ω
2Φ1, (9)
− d
2
dx2
Φ2 + V21Φ1 + V22Φ2 = ω
2Φ2, (10)
with
V11 = f
[
ℓ(ℓ+ 1)
r2
− 6M
r3
]
, (11)
V12 = V21 = f
24Mα
√
π(ℓ+ 2)(ℓ+ 1)ℓ(ℓ− 1)√
β r5
, (12)
V22 = f
[
ℓ(ℓ+ 1)
r2
(
1 +
576πM2α2
βr6
)
+
2M
r3
+m2
]
, (13)
where d/dx = fd/dr and we assumed β > 0. Note that for β < 0 case, the effective potential
cannot be Hermitian by a transformation of the master variables, and the existence of the
ghost instability was discussed in [6], so we do not consider such a case in this paper.
Hereafter, we set α = 1 since we can normalize α by the transformation Φ2 → Φ2/α, β →
α2β. Also, we consider M > 0 since M = 0 case is trivial. To summarize, we study the
stability of the coupled system described by Eqs.(9)-(13) in the ranges of the parameters
β > 0,M > 0, m2 ≥ 0, ℓ ≥ 2 and α = 1.
2 ℓ = 1, ω = 0 case has a non-trivial solution and it corresponds to a slowly rotating black hole [4, 8, 10].
3 The relation among the master variables Ψ,Θ which were used in [6] and that in the present paper are
Φ1 = Ψ and Φ2 = 4
√
πβΘ/
√
(ℓ+ 2)(ℓ+ 1)ℓ(ℓ− 1). When we use Φ1 and Φ2, the effective potential
becomes real symmetric, while that in [6] is not.
5III. S-DEFORMATION METHOD
In this section, we introduce a method to discuss the stability of the Schwarzschild black
hole in dynamical Chern-Simons gravity. The master equations (9) and (10) can be written
in a matrix form
− d
2
dx2
Φ+ V Φ = ω2Φ, (14)
with
Φ =

Φ1
Φ2

 , V =

V11 V12
V21 V22

 . (15)
We should note that while the potential given in Eqs. (11)-(13) is real symmetric, the follow-
ing discussion in this section also holds for an Hermitian V . For a 2 × 2 Hermitian matrix
S whose components are continuous functions, multiplying Φ† to the master equations (14)
from the left and integrating it in the domain −∞ < x <∞, we obtain the relation
−
[
Φ†
dΦ
dx
+Φ†SΦ
]∞
−∞
+
∫
dx
[∣∣∣∣dΦdx + SΦ
∣∣∣∣
2
+Φ†V˜ Φ
]
= ω2
∫
dx|Φ|2, (16)
where † denotes the complex conjugate and V˜ is defined by
V˜ = V +
dS
dx
− S2. (17)
We consider the boundary condition such that the boundary term in Eq. (16) vanishes. If
there exists an appropriate S which gives V˜ = K†K with some 2 × 2 matrix K, Eq. (16)
becomes
∫
dx
[∣∣∣∣dΦdx + SΦ
∣∣∣∣
2
+ |KΦ|2
]
= ω2
∫
dx|Φ|2, (18)
where we used a relation Φ†V˜ Φ = |KΦ|2. In this case, there exists no ω2 < 0 mode i.e.,
no exponentially growing mode in time, since Eq. (18) holds for an arbitrary Φ and the
integrands in Eq. (18) are manifestly non-negative. This implies the linear mode stability of
the spacetime. In [13], this method was introduced and it was used for the stability analysis
of scalar fields. This is a natural generalization of so called S-deformation method [14–18]
to the coupled system, and we also call this as an S-deformation method in this paper.
6Hereafter, we study a sufficient condition for the existence of an appropriate S and use it
to show the stability of the system described by Eqs.(9)-(13).
Since V˜ is an Hermitian matrix, it can be diagonalized by an unitary transformation
UV˜ U
† = diag[W1,W2], (19)
where U satisfies U−1 = U †, and W1,W2 are given by
W1 =
1
2
(
V˜11 + V˜22 +
√
(V˜11 − V˜22)2 + 4V˜12V˜21
)
, (20)
W2 =
1
2
(
V˜11 + V˜22 −
√
(V˜11 − V˜22)2 + 4V˜12V˜21
)
. (21)
Note that U is always bounded since U †U = 1 holds. If both W1 ≥ 0 and W2 ≥ 0
are satisfied for −∞ < x < ∞, the spacetime is stable since V˜ = K†K with K =
diag[
√
W1,
√
W2] holds. Since the relation
det(UV˜ U †) = det(V˜ ) =W1W2, (22)
holds, if both two conditions:
(i) det(V˜ ) ≥ 0 in r ≥ 2M (the equality holds only at r = 2M and r →∞),
(ii) W1 and W2 have positive values at a point in r > 2M ,
are satisfied, both W1 and W2 are non-negative for −∞ < x <∞, and hence the spacetime
is stable. Note that x→ −∞ and x→∞ correspond to r = 2M and r →∞, respectively,
since x is the tortoise coordinate defined by d/dx = fd/dr. Thus, it is a sufficient condition
for the stability that there exists S so that the above conditions (i) and (ii) are satisfied.
IV. STABILITY ANALYSIS
In this section, we prove the linear mode stability of the Schwarzschild spacetime in
dynamical Chern-Simons gravity when VCS(ϑ) = m
2ϑ2. We divide the proof into two steps,
β ≥ Bℓ and Bℓ > β > 0 cases, where Bℓ is defined by
Bℓ := 9π
M4
ℓ(ℓ+ 1)
(ℓ2 + ℓ− 3)(ℓ2 + ℓ+ 1 + 4M2m2) . (23)
In both cases, we explicitly show that the conditions (i) and (ii) in Sec. III are satisfied in
the following discussions.
7A. β ≥ Bℓ case
First, we study the case with the parameter region β ≥ Bℓ. In this case, we do not need
to introduce an S-deformation, so we set S = 0 and then V˜ = V . As for the condition (i),
defining L = ℓ− 2(≥ 0), µ = m2M2 and b = β/Bℓ, the determinant of the potential V can
be written in the form
det(V ) =
(r − 2M)2
M2br13
[
128M9(b− 1)
(
3(7 + 4µ) + 10(5 + 2µ)L+ (35 + 4µ)L2 + 10L3 + L4
)
+ 64M8
(
3(14 + 8µ+ 5b(11 + 8µ)) + 20(5 + 2µ+ 9b(2 + µ))L
+ (70 + 8µ+ b(247 + 36µ))L2 + 10(2 + 7b)L3 + (2 + 7b)L4
)
(r − 2M)
+ 96M7b
(
2(91 + 88µ) + 10(37 + 24µ)L+ 3(83 + 16µ)L2 + 70L3 + 7L4
)
(r − 2M)2
+ 16M6b
(
6(165 + 224µ) + 20(95 + 84µ)L+ (1255 + 336µ)L2 + 350L3 + 35L4
)
(r − 2M)3
+ 8M5b
(
3(355 + 728µ) + 30(65 + 84µ)L+ (1265 + 504µ)L2 + 350L3 + 35L4
)
(r − 2M)4
+ 12M4b
(
227 + 784µ+ 40(10 + 21µ)L+ 3(85 + 56µ)L2 + 70L3 + 7L4
)
(r − 2M)5
+ 2M3b
(
240(1 + 7µ) + 10(41 + 168µ)L+ (257 + 336µ)L2 + 70L3 + 7L4
)
(r − 2M)6
+M2b
(
36 + 768µ+ (60 + 720µ)L+ (37 + 144µ)L2 + 10L3 + L4
)
(r − 2M)7
+ µMb
(
102 + 90L+ 18L2
)
(r − 2M)8 + µb
(
6 + 5L+ L2
)
(r − 2M)9
]
. (24)
Since all coefficients are non-negative, det(V ) ≥ 0 holds in r ≥ 2M for β ≥ Bℓ (b ≥ 1). We
can also check that det(V ) = 0 holds only at r = 2M and r → ∞ in the same parameter
region. In the asymptotic region, W1 and W2 behave
W1 =
ℓ(ℓ+ 1)
r2
+O(1/r3), (25)
W2 = m
2 − 2Mm
2
r
+
ℓ(ℓ+ 1)
r2
+O(1/r3), (26)
and hence the condition (ii) is satisfied in the far region in both cases massive m2 > 0 and
massless m2 = 0. Thus, in the parameter region β ≥ Bℓ, the spacetime is stable since both
conditions (i) and (ii) in Sec. III are satisfied.
8B. Bℓ > β > 0 case
We consider the S-deformation in the form
S = diag[Cf(r)/r, Cf(r)/r], (27)
with
C =
1
2βM4
[
− 9πℓ(ℓ+ 1)− 2βM4(ℓ2 + ℓ− 1 + 2M2m2)
+
√
81π2ℓ2(ℓ+ 1)2 + 36πβM4ℓ(ℓ+ 1)(ℓ2 + ℓ+ 2M2m2) + 16β2M8(1 +M2m2)
]
. (28)
The deformed potential is V˜ = V + fdS/dr − S2. Writing det(V˜ ) in the form
det(V˜ ) =
(r − 2M)3
r13
[
8∑
n=0
cn(r − 2M)n
]
, (29)
we can check that all coefficients cn are non-negative for Bℓ ≥ β > 0 and det(V˜ ) vanishes
only at r = 2M and r → ∞ in this parameter region.4 Note that the constant C is chosen
so that det(V˜ ) = O((r− 2M)3) near the horizon. The asymptotic behaviors of W1 and W2
are
W1 =
(ℓ+ C + 1)(ℓ− C)
r2
+O(1/r3), (30)
W2 = m
2 − 2Mm
2
r
+
(ℓ+ C + 1)(ℓ− C)
r2
+O(1/r3), (31)
and hence W1 and W2 take positive values at a large distance in both m
2 > 0 and m2 = 0
cases because ℓ > C ≥ 0 holds for Bℓ ≥ β > 0. Thus, the two conditions (i) and (ii) in
Sec. III are satisfied for Bℓ ≥ β > 0. Combining with the result in the case β ≥ Bℓ, we
conclude that the spacetime is stable in β > 0.
V. SUMMARY AND DISCUSSION
We showed the linear mode stability of the Schwarzschild spacetime in dynamical Chern-
Simons gravity when the potential of the scalar field becomes a mass term. It is natural
that the spacetime is stable for large β, because β → ∞ is the Einstein gravity limit, but
4 The coefficients cn are complicated functions of ℓ, β and m
2, but we can check their non-negativity by
Mathematica.
9the present result shows that even in the strong coupling case, i.e., for small β, the parity
violating term does not cause an instability. In the the previous works [4–9], the features
of the parity violating term, e.g., in gravitational waves or in slowly rotating black holes,
are discussed based on perturbation approaches around the Schwarzschild black hole. The
present result gives a validity for their perturbation approaches. Thus, we can expect that
the effect of the parity violating term [4–9] can be tested in a future observation.
While the perturbed field equations take the form of the coupled system of the Scho¨dinger
equation, we can still prove the stability by the S-deformation method. First, we studied the
parameter region where det(V ) is non-negative. Second, introducing the diagonalized S-
deformation matrix in Eq. (27) and choosing the constant so that the leading term in det(V˜ )
near the horizon vanishes, we showed that det(V˜ ) becomes non-negative in the parameter
region where det(V ) is negative at some point. We also checked that the eigenvalues of V
and V˜ are positive in the far region. Then, we can say that the spacetime is stable since the
conditions (i) and (ii) in Sec. III are satisfied. We expect that this prescription would be
useful for the stability analysis for different systems where two physical degrees of freedoms
are coupled.
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